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Lately,  a  number  of  individuals  engaged  in  nomography 
have  shown  noticeably  greater  interest  in  work  on  topological  net 
theory.  Considerable  attention  was  devoted  to  these  problems 
by  the  Hamburg  Seminar,  under  the  guidance  of  Blaschke. 

The  results  obtained  in  the  past  thirty  years  may  be  seen 
as  forming  a  self-contained,  formal  discipline,  having  its  own 
methods  and  problems. 

Far  from  everything  dealt  with  by  this  discipline  has 
direct  relation  to  nomography.  Yet,  acquaintance  with  certain 
of  the  results  of  net  theory  must  be  considered  absolutely 
essential  to  nomographers. 

The  paper  that  follows  presents  some  of  the  results  con¬ 
tained  in  Blaschke 's  book  [l]  which  have  bearing  on  nomography. 

In  addition,  we  adduce  here  a  theorem,  which  parallels  the 
Rademeister  theorem,  the  formulation  and  proof  of  which  were 
kindly  supplied  to  us  for  this  article  by  G.  Ye.  James -Levi. 

1.  Basic  Concepts  of  Net  Theory 

Let  us  be  given  families  of  curves  51,  52,  63  in  an  area  G 
on  a  plane  (x,  y). 

^(xjy)  =  const,  i=l,  2,  3« 
where  Uj_  are  analytic  functions  within  G. 

SaCh  poirVt  °f  area 

one  and  only  one  curve  of  each  family  passes  through  each  point  in  Gj 
Jacobian: 

|a^.Uo,  j.  *  -  1,  2,  3,  )*k> 

I  d(x,  y)  I 

two  curves  of  different  families  have  no  more  than  one  point  in 
common. 

Let  us  call  such  a  system  of  curves  a  triple  system. 

It  must  be  assumed  that  each  curve  of  a  triple  system  has  a 
single  continuous  arc  in  common  with  area  G. 
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The  simplest  triple  system  is  a  regular  net,i.e.  a 
systen  consisting  of  three  families  of  parallel  straight  lines,; 
where  lines  of  different  families  form  angles  of  60  .  It  is 
apparent  that  such  a  net  forme  regular  hexagons,  whose  sides 
and  diagonals  are  the  straight  lines  of  .the  regular  net.  let 
us  call  such  hexagons  Brianchon  hexagons,  or  simple  B  figures. 


Fig.  1.  Brianchon  Figure 

Wa  will  call  B  figures  all  figures  constructed  in  the 
following  maimer  (Fig.  l).  Let  a  triple  system  be  given  in  area 
G.  We  select  any  point  P  within  G  and  plot  through  it  lines  of 
all  three  families,  which  .we  designate  as  lp,  2p,  5p.  Here, 

the  numeral  designates  the  family  to  which  the  line  belongs,  while 
the  sub-index  indicates  the  point  through  which  it  passes.  On 
line  lp  we  select  point  A,  which  is  sufficiently  close  to  point  P 
(i.e.  such  that  the  entire  figure  plotted  by  us  is  situated 
within  G),  and  we  plot  line  2A  until  it  intersects  3p  at  point  B. 

Then  we  plot  line  1B  until  it  intersects  2p  at  point  G.  In  a 

similar  manner,  we  obtain  points  £>  — s  (3c  X  !/*)•  £  —  (2oX3f>), 

fs(lf  x2^)  *//=s(3f  X\p). 

Point  H  may  coincide  with  A  and  thus  close  our  B  figure, 
though  this  is  not  obligatory. 

Triple  systems  in  which  all  B  figures  are  closed  may  be 
termed  hexagonal.  It  is  apparent  that  triple  systems  obtainable 
from  a  regular  net  by  topological  projection  will  be  hexagonal. 

2.  Auxiliary  Propositions 

Let  us  be  given  a  triple  system  within  a  certain  area  G. 

Let  us  examine  the  curvilinear  triangle  ABC,  whose  sides  are 
formed  of  curves  of  the  1st,  2nd  and  3rd  families,  and  which 
pertains  entirely  to  G.  We  may  call  such  a  triangle  a  coordinate. 
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triangle .  We  select  four  points  on  side  AB:  P,  Q,  R,  S  (Fig. 
2).  We  plot  lines  of  the  2nd  family  through  points  P,  R,  and 
lines  of  the  third  family  through  points  Q,  S. 

Trie  intersection  points  y  ~(2p  X  3q)  ani3L 

W  s=  (2/i  X  3s)  are  situated  within  our  triangle. 

Indeed,  let  us  assume,  for  example,  that  point  V  lies  outside 
A  ABC.  Then  curve  2^  will  intersect  side  AC  (or  curve  3q  will 

intersect  side  CB),  and  this  is  impossible  according  to  the 
definition  of  a  triple  system  (a  single  curve  of  each  family 
passes  through  each  point  $  G  )•  It  "be  shown  similarly 

that  W  is  likewise  situated  within  triangle  ABC. 


Fig.  2.  Coordinate  Triangle 

Let  us  plot  lines  of  the  first  family  ly  and  ly  through 
points  V  and  W  and  introduce  the  following  definition 1  arcs 
("segments")  PQ  and  RS  may  be  called  equal,  when  points  V  and  W 
are  situated  on  the  seme  line  of  the  1st  family,  i.e.  when 
lysl-ip.  .  From  this  definition,  there  follow  the  properties 
of  reversibility  and  transitiveness  of  the  equation,  i.e.  l)  when 
*PQ  -  RS,  then  RS  -  PQ;  2)  when  PQ  **'  RS  and  RS  *  TO,  then  PG  =  TO. 

Let  us  now  introduce  a  definition  of  the  inequality  of  the 
"segments".  Let  us  say  that  PQ  K.  RS  when  line  ly  lies  between 

curves  ly  and  AB.  This  definition  is  also  transitive  and 
possesses  the  following  property:  if  points  R,  S  are  situated  on 
arc  PQ,  then  RS  PQ,  and  become  equal  only  when  /'s  R,  S^-Q. 

This  property  follows  from  the  fact  that  point  W  always  lies 

within  or  on  the  edge  of  triangle  PQV  and  therefore  that  line 

ly  is  situated  between  .ly  and  AB  and  that  ] \&  only  when  y  —  \%/ 

i.e.  P  s  R  and  6  —  Q 

Let  us  now  return  to  our  examination  of  coordinate 
triangle  ABC.  We  select  arbitrarily  on  side  AB  a  point  p^P\ 
and  we  plot  point  P2  in  such  a  manner  that  P-,Pg  =  AP,  point  P, 
so  that  P2P3  =  AP,  etc.  (we  understand  equality  here  and  below 


as  defined  earlier).  We  thus  obtain  a  sequence  of  points 

This  sequence  is  monotonous ,  i.e.  if  A  is  to  the  left  of  P,  then 
PjL  is  also  to  the  left  Pi  +  1  for  any  i  (Pig.  5).  Let  us  assume 

the  opposite,  i.e.  let  1  he  found  to  he  such  that  all  I\'s  where 
k  i  are  to  the  left  of  P^+^,  while  Pj  is  to  the  rijght  of  P^+^» 

Then  3p  (or  2_  and  2P  )  have  a  point  in  common,  and  this 
1  +1  Fi  i+1  . 

is  possible. 


Fig.  J.  Monotonous  nature  of 
sequence  of  Pj.  points 


Fig.  4.  Existence  of  limit 
point  in  { pL }  sequence 

Let  us  now  show  that  point  P^  will  reach  or  pass  beyond 

point  B  after  a  finite  number  of  steps.  Let  us  assume  that  tills 
is  not  so.  We  would  then  have,  on  finite  "segment"  AB,  an 
infinite  monotonous  sequence  of  points  P^.  Therefore,  this 

sequence  must  necessarily  have  at  least  one  limit  point  S 
(Fig.  h).  We  plot  point  R  in  such  a  manner  that  RS  =  AP  and 
that  R  be  to  the  left  of  S.  This  may  always  be  done  by  plotting 
3S  until  it  intersects  1q  at  point  %  and  plotting  2~  until  it 

intersects  AB.  R  will  be  the  point  of  intersection  (2§r  X  AB) 
However,  since  S  is  the  limit  point  for  Pi,  then,  anywhere  near 

point  S  (i.e.  on  "segment"  RS  as  well),  there  must  exist  an 
infinite  number  of  points  PA.  Let  us  take  two  such  points: 
p  and  Pj  p  so  that  they  lie  strictly  within  RS.  Then, 

however,  as  shown  earlier,  PjPj+-j_  ^  RS  »  AP,  and  this  is 


contradictory  to  the  construction  of  "segment"  P.P.+l.  Ihus, 
the  natural  number  n  will  always  be  found  to  be  such  that 
or  that  PQ  is  to  the  right  of  B. 

Let  us  demonstrate,  furthermore,  that  it  is  always 
possible  to  plot  point  P  in  such  a  manner  than 
for  any  predetermined  natural  number  n.  In  other  words,  it  is 
always  possible  to  divide  AB  into  n  equal  "segments".  For  this 
purpose,  let  us  first  demonstrate  that  if  P,  Q  are  two  points 
on  AB  and  P  is  to  the  left  of  Q,  then,  by  plotting  point 
sequences  and  as  earlier  described,  for  any  iP±  is  to 

the  left  of  if  only  *8  still  on  AB.  Let  this  be  not  so, 

i.e.  let  all  P.’s  where  /<&,  be  situated  to  the  left  of  Q^, 
while  Pk  is  to  the  right  of  Q^.  Then,  there  are  at  least  two 

points  between  P-^_^  and  Pk,  namely  and  Gq-  •  However,  as 

we  have  shown  earlier,  in  that  case  Q#_.,Q4  <C 

i.e.  we  arrive  at  a  contradiction,  since,  according  to  the  plotting 
of  points  P^  and 

Qk-iQ*  —  AQ  >  AP  —  P*~3/V 

Let  us  now  be  given  a  natural  number  N.  Let  us  show  how 
to  plot  initial  point  P  so  that  Ps^B.  .  We  take  any  point 
P1  on  AB  and  plot  the  sequence  {P})  .  If  PlN==B  ,  then 

P1  is  sought  point  P.  If  P^  is  to  the  right  of  B,  we  then  take 
point  P2  to  the  left  of  F1  on  AB,  and,  if  P1  is  to  the  left  of  B, 
we  take  point  P2  to  the  right  of  P1.  We  then  plot  the  sequence 
{/*!}  points  and  repeat  our  reasoning.  We  thus  obtain  a  convergent 
point  sequence  {/>*}  .  Ihe  limit  point  of  this  sequence  will  be 
sought  point  P. 

Let  us  now  examine  a  specific  case,  that  of  a  regular  net. 
Here,  the  curvilinear  coordinate  triangle  ABC  is  a  regular 
(=  equilateral)  triangle,  and  the  definition  of  the  equality  of 
the  curvilinear  segments  coincides  with  the  usual  understanding 
of  the  equality  of  segments.  We  take  coordinate  triangle  ABC, ^ 
divide  all  of  its  sides  into  n  parts  (n  being  a  natural  number), 
and  plot  lines  of  all  families  through  the  points  of  division. 

We  obtain  the  figure  shown  in  Fig.  5  which  we  will  refer  to  from 
now  on  as  the  Dn  figure.  We  will  similarly  designate  any 

topological  transformation  of  this  figure. 

Lemma  1.  A  Dn  figure  may  be  constructed  within  any 

hexagonal  net. 

Proof.  We  may  provide  proof  for  this  assertion  by 
the  method  of  mathematical  induction.  Let  n  =  3  to  begin  with, 
since  the  net  under  consideration  is  hexagonal,  and  the  hexagon 
of  straight  net  lines  is  to  be  closed. 
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only  within  the  4  black  an&ief 


Let  us  admit  that  our  proposition  holds  true  for  n  -  1, 
and  let  us  show  that  it  will  then  also  hold  true  for  n.  Let 
us  divide  AB  into  n  parts  by  means  of  points  P^.  Through  these 

points  we  plot  lines  of  the  2nd  and  3rd  families.  Points  are 
located  on  a  single  line  of  the  1st  family,  since  all  P^P.,  +1 
segments  are  equal  to  one  another.  However,  all  points  are 

located  on  a  single  line  of  the  1st  family  (Pig.  6),  since,  in 
the  net  under  consideration,  the  hexagons  with  centers  at  points 
must  close,  i.e.  each  pair  of  points  (and,  therefore, 

all  these  points)  is  situated  on  a  single  line  of  the  1st 
family.  It  follows  that  the  distances  between  two  neighboring 
Qj_  points  are  equal,  i.e.  that  triangle  Qq^h-iC  is  a  Dn_i  figure. 

According  to  the  supposition  of  the  induction,  the  lemma,  holds 
true  for  n  -  1.  Thus  we  have  shown  that  a  figure  may  be 

constructed  in  any  hexagonal  net. 

Lemma  2.  The  definition  of  the  equality  of  curvilinear 
segments  in  hexagonal  nets  also  possesses  the  property  of 
additiveness. 

Proof.  It  is  apparent  from  a  Dn  figure  (Fig.  6),  that 
not  only  segments  of  the  form  P-jP-j^p  but  also  all  segments  of 

the  form  are  equal,  k  being  a  natural  number  (for  example, 

for  segments  P^P^^,  equality  follows  from  the  fact  that  the 
points  are  situated  on  one  line  of  the  1st  family). 


C 


Let  us  be  given  four  "segments"  MN,  HP,  RS  and  ST  on 
side  AB  of  the  coordinate  triangle  ABC,  such  that  MN  =  RS  and 
NP  =  ST.  Let  us  demonstrate  the  additive  nature  of  the 
equality,  i.e.  that  MP  =  RT  (Fig.  7). 

Let  points  M,  N,  P,  R,  S,  T  initially  be  the  points  of 
division  of  certain  figures.  We  will  designate  a  figure 
containing  point  M  among  its  points  of  division  as  figure 
Bq,  etc.  Let  us  take  the  Dn  figure  containing  figures 
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DnM>  D*n>  Dnp,  Ay  A l$t  D, ^  '  (»n  will  be  such 

a  figure,  for  example,  when  n  =*  •  h/v  - nprtx •  n$-  nr'  )• 

As  noted  earlier,  additiveness  will  hold  true  for  this  figure. 
If  now  some  (or  all)  of  the  points  M,  H,  P,  R,  S,  T  are  not 
points  of  division  for  any  Dn  figures,  then  additiveness 
follows  from  the  fact  that  any  such  point  may  be  included 
within  an  interval  as  minute  as  desired,  whose  end-points 
are  points  of  division  of  certain  DQ  figures. 
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Remark.  If  D  and  D,  figures  are  such  that  m  »  k*n,  where 
k  is  a  natural  number,  it  is  apparent  all  lines  of  figure  Dn  are 
contained  within  figure  Ey 
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Fig.  8c  Dn  figure  in  net  where  two  line 
families  are  parallel,  to  coordinate  axes 
Ox  and  Oy. 


3.  Basic  Theorem  of  Hexagonal  Nets 

Theorem.  A  given  triple  system  may  be  topologically 
transformed  into  a  regular  net  when,  and  only  when  all  Briancbon 
B  figures  are  closed  (i.e,  when  this  curvilinear  net  is  nexagona_; . 

Proof.  To  demonstrate  the  necessity  of  this,  let  us 
assume  thatTthe  B  figure  will  not  close,  i.e.  that  A  =£  ft 
However,  then  the  images  of  these  points  in  topological  projection 
will  not  coincide,  and  this  will  contradict  the  definition  of  a 

How  let  us  demonstrate  the  sufficiency  of  the  theorem. 

Let  us  be  given  a  hexagonal  net.  let  us  project  the  is  - 
and  2nd  families  of  coordinate  lines  on  straight  lines  parallel 
to  the  Ox  and  Oy  axes  of  a  Cartesian  coordinate  system. .  This 
projection  will  be  topological  (according  to  the  conditions 
imposed  on  the  lines  of  the  triple  system).  Let  us  examine 
the  coordinate  triangle  ABC  and  inscribe  within  it  ala.  possible 
Dn  figures  (Fig.  8). 

On  segment  AB  let  us  plot  function  fx(x)  so  that  the  p-th 

point  of  division  of  figure  L>q  receives  a  notation  of q.  Let  us 
show  that  this  notation  is  the  only  one.  let  pomt.P'be  the 
p-th  point  of  division  of  figure  Dq  and  the  r-th  pom*  o, 

division  of  figure  Ds.  Let  us  posit  that  s>  q..  Then  s  =  kq. 

(k  is  a  whole  number),  i.e.  figure  Dq  is  contained  within  Dg. 

But  then  r  =  kp  also,  and  therefore  -  “  -  i,e*  there 

q  s 
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jypc  uuiy 


corresponds  to  each  point  of  division  of  segment  AB  a  single 
notation.  Then  point  A  will  evidently  have  a  notation  of  0,  and 
point  B  a  notation  of  1.  We  have  thus  established  the  mutually 
univalent  relation  which  holds  between  the  points  of  division 
of  segment  AB  and  rational  numbers  on  the  segment  [-6.1]  of  the 
numerical  right  line.  We  will  term  the  points  of  division 
rational  points,  and  other  points,  irrational.  It  is  evident 
that  function  f^(x)  is  monotonous. 

We  still  need  to  fully  define  f1 (x)  for  irrational 

points  of  segment  AB.  Let  R  be  an  irrational  point.  It  then 
divides  all  rational  points  into  two  classes,  one  of  which  is 
situated  to  the  left  of  R,  and  the  second  of  which  is  to  the 
right  of  R.  The  notation  of  this  point  must  divide  the  rational 
numbers  into  two  classes  such  that  all  rational  numbers  in  the 
second  class  are  3.arger  than  the  numbers  in  the  first  class. 

Since  the  points  of  division  of  DQ  figures  are  distributed 
continuously,  it  follows  that  the  notation  of  the  irrational 
point  is  a  Dedekind  section,  i.e.  an  irrational  number.  Thus , 
function  f1(x)  defined  will  be  continuous  and  monotonous.  In 
analogous  fashion,  we  define  the  continuous  monotonous  function 
fg(y)  on  AC. 

Let  us  now  show  that  the  following  relation  holds  for 
any  curve  of  the  3rd  family; 

h(x)  +  U(y)  -  const.  0) 

Let  us  first  examine  a  line  entering  into  Dn,  For  all 

the  points  of  this  line  that  are  intersection  points  of  a  certain 
Dn  figure,  relation  (l)  obviously  holds.  However,  the  line  in 
question  also  enters  into  Bgn,  D^n,  ...  Dknj  i«e*  relation  (l) 

holds  for  the  intersection  points  of  these  figures  as  well. 
However,  since  these  points  are  distributed  continuously  over  the 
entire  line  in  question  and  the  line  itself  is  continuous,  (1} 
holds  also  for  any  point  of  that  curve. 

For  a  line  of  the  3rd  family,  passing  through  an 
irrational  point  on  segment  AB,  the  values  of  sum  fj (x)  +  ^2(y) 

are  enclosed  between  two  rational  values ,  which  may  be 
arbitrarily  brought  closer  together.  Therefore  for  such  a  line 
as  well,  relation  (l)  holds  true. 

Wow,  let  us  effect  the  transformation 

X=f.M.  Y=U(y).  ® 

Brils  transformation  will  be  topological,  since  functions  f-^(x) 
and  fg(y)  are  continuous  and  monotonous.  In  this  transformation, 

the  first  two  families  of  coordinate  lines  will  evidently 
remain  on  straight  lines  parallel  to  axes  Ox  and  Qy,  while  the 
third  family,  for  which  we  have  x  +  y  =  const.,  will  be 


transferred  to  the  family  of  straight  lines  that  are  parallel 
to  the  bisectrix  of  the  second  coordinate  angle.  By  an 
affinal  transformation,  it  is  now  possible  to  convert  these 
three  groups  of  parallel  straight  lines  into  three  groups  of 
parallel  straight  lines  forming  angles  of  5  in  pairs. 
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Thus,  the  theorem  is  fully  demonstrated  for  any  coordinate 
triangle  situated  within  area  G,  where  the  net  under  examination 
is  given  to  us.  It  follows  for  the  entire  area  G,  since  G  may  be 
covered  with  such  coordinate  triangles,  inasmuch  as  coordinate 
lines  are  everywhere  continuously  distributed. 

4.  Thompson  and  Rademeister  Figures 

Along  with  Brianchon’s  B  figure,  let  us  examine  Thompson’s 
T  figure  and  Rademeister 's  R  figure  (Fig.  9)» 

Theorem  2.  To  have  a  triple  system  be  a  hexagonal  net, 
it  is  necessary  and  sufficient  that  any  T  (or  R)  figure  in  this 
system  be  closed. 

Proof.  Let  us  first  provide  the  demonstration  for  a 
T  figure. 


£  D 


Fig.  9.  Brianchon,  Thompson  and  Rademeister  figures 


The  sufficiency  of  the  theorem  is  obvious,  since  the  B 
figure  is  a  particular  case  of  a  T  figure,  in  which  points  P 
and  R  coincide.  And  since  all  T  figures  are  closed,  all  B 
figures  are  closed  also,  i.e.  our  net  is  hexagonal. 


£  D 


Pig.  10,  Closure  of  T  figure  on  assumption 
that  B  fiugres  close 
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Pig.  IX.  Closure  of  R  figure  on  condition 
that  all  B  figures  close 

Its  necessity  follows  from  the  property  of  additiveness 
of  hexagonal  nets.  Indeed,  we  wish  to  prove  that  points  E  and  D 
(Fig.  10)  are  on  the  same  line  of  the  1st  family,  i.e.  lg  *  1^. 

Let  us  prolong  EP,  CD  and  AB  until  they  intersect  at  points  G 
and  H,  and  let  us  examine  "segments "  GB  and  AH.  These  "Segments" 
are  equal,  because  GB  «  GA  +  AB,  AH  «  AB  +  BH  and  GA  *  BH,  and 
therefore  points  P  and  0  are  situated  on  the  same  line  of  the 
1st  family.  But  since  GB  =  AH,  according  to  the  definition  of  the 
equality  of  curvilinear  segments,  points  E  and  D  are  situated 
on  the  same  line  of  the  1st  family,  Q.  E.  D. 

The  demonstration  proceeds  in  an  analogous  manner  for  an 
R  figure.  The  sufficiency  of  the  theorem  follows  from  the  fact 
that  a  B  figure  is  a  particular  case  of  an  R  figure,  in  which 
points  P,  Q  and  S  coincide.  To  demonstrate  its  necessity,  we 
make  use  again  of  the  properly  of  additiveness  of  hexagonal  nets, 
and  we  shall  prove  that  =  1^  (Pig.  11).  We  prolong  lines  AB, 
EF,  ES,  DQ  and  DC  and  we  designate  the  points  of  intersection  as 
KL  =  MN.  Indeed,  KL  ■  KA  +  AL,  MN  -  MB  +  BN.  But  KA  -  MB,  since 
Ip  S  1q>  and  AL  =  BK,  since  lg  5  lg»  Thus,  in  view  of 
additiveness , . we  have  KL  =  MN.  The  theorem  has  been  fully 
demonstrated. 


5.  The  Application  of  Net  Theory  to  Nomography 

We  have  demonstrated  that  any  triple  system  in  which  all 
T  figures  (or  all  R  figures,  or  all  B  figures)  are  closed  may  be 
projected  topologically  on  a  regular  net.  This  Is  of  great  impor¬ 
tance  for  nomography.  Indeed,  if  we  plot  a  cartesian  abacus  for 
a  given  equation,  and  its  lines  intersect  at  very  acute  angles, 
large  errors  are  possible  in  the  use  of  the  nomograph. 

For  this  reason,  it  is  desirable  that  the  angles  of 
intersection  of  lines  in  the  abacus  be  as  large  as  possible. 

The  ideal  case  is  that  of  intersection  at  angles  of  60°.  This 
case  takes  place  precisely  when  the  abacus  forms  a  regular 
net.  It  is  therefore  important  to  find  the  equations  which 


always  allow  the  construction  of  such  an  abacus*  Third  order 
nomographic  equations  are  equations  of  this  kind. 

Theorem  3.  In  order  that  an  equation 

F  (*,  y,  z)  -  0  (3) 

be  a  third  order  nomographic  equation,  it  is  necessary  and 
sufficient  that  of  the  six  equations 

F  (*o,  yu  Zi)  »  0  F  (x0,  y2,  z2)  ~G  F  (xlt  y2,  z3)  «  0) 

F  (*»•  y«»  *»)  =  0  F  (x,,  i/0,  zt)  *  0  F  (xu  i/o,  *,)  «  Oj  (4) 

each  one  be  the  consequence  of  the  other  five. 

Let  us  clarify  the  formulation  of  this  theorem.  Let  us 
assume  that  a  cartesian  abacus  has  been  plotted  for  equation  (j) „ 
We  take  three  arbitrary  lines  of  level  z  in  that  equation: 
z  ~  zl>  z  ~  z2>  z  =  z3*  Each  one  of  the  equations  (4) 

^  y$,  2]j)  =  0  means  that  lines  x  =  x^,  y  *  y j  .<  z  =  z^ 

intersect  at  a  single  point,  i.e.  that  the  Thompson  figure 
obtained  (Fig.  12)  is  closed.  But  since  all  figures  are  closed, 
this  means  that  the  cartesian  abacus  forms  a  hexagonal  net. 

Thus,  having  demonstrated  this  theorem,  we  show  that  it  is 
possible  to  plot  a  cartesian  abacus  whose  lines  form  a  regular 
net  for  any  3rd  order  nomographic  equation. 

Proof.  Let  us  first  demons trate  the  sufficiency  the 
theorem. 

It  is  posited  that  the  level  lines  of  equation  (3)  form 
a  hexagonal  net.  It  is  required  to  demonstrate  that  (3)  is  a 
3rd  order  nomographic  equation.  In  demonstrating  the  basic 
theorem  of  hexagonal  nets,  we  found  that  the  relation 
X  +  Y  =  const,  holds  true  for  every  line  of  the  3rd  family, 

Z  and  Y  being  the  notations  of  lines  of  the  first  two  families. 
Taking  now  this  constant  as  the  notation  of  the  corresponding 
line  of  the  3rd  family  and  designating  it  as  Z,  we  get 

X  +  Y  »  Z 

Hiis  is  an  equation  of  the  3rd  nomographic  order. 

Now  let  us  demonstrate  the  necessity  of  the  theorem.  Let 
us  be  given  a  3rd  order  nomographic  equation.  We  must  prove 
that  each  one  of  the  equations  (4)  is  a  consequence  of  the  five 
others.  We  know  that  along  with  a  Cartesian  abacus,  it  is  possi¬ 
ble  to  construct  a  nomograph  on  a  conical  section  and  a  right 
line  for  a  3rd  order  nomographic  equation.  There  exists  a 
mutually-univalent  relation  between  the  nomograph  and  the 
cartesian  abacus,  and  this  relation  is  double  (Fig.  13). 

The  equation  F^,  y^,  zj  =  0  means,  on  the  abacus, 
that  level  lines  x  =  x*,  y  =  y^,  z  ~  pass  through  a  single 
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Fig.  12.  Thompson  figure  in  cartesian  abacus 
for  Jrd  order  nomographic  equation. 


Fig.  1J.  Figure,  corresponding  to  a  Thompson 
figure  on  nomograph  of  equalized  points. 

point.  On  the  nomograph,  this  corresponds  to  the  fact  that 
points  Xj_,  y3-,  z^  are  on  the  same  straight  line.  Let  us 

assume,  for  example,  that  the  first  five  equalities  in  (k) 
are  satisfied,  and  let  us  demonstrate  the  sixth.  We  take 
points  xQ,  x-j_,  Xg,  yD,  y1?  y2,  z1#  z?  and  z^,  satisfying  the 

first  five  equations  in  (h). 

Let  us  plot  the  straight  line  (x^,  yQ)  and  show  that  it 

passes  through  point  Zj_  (Fig.  13),  i.e.  that  f  (x^,  yQ,  z^),  =  0. 
Indeed,  straight  lines  (xQ,  yx,  Zj),  (xQ,  y2,  zg),  (xx,  y1,  z£) 
and  (xg,  yQ,  z^),  together  with  straight  line  (xj_,  yQ),  form  a 

Pascal  configuration  with  apexes  on  the  two  x  and  y  scales, 
situated  on  a  2nd  order  curve,  and  the  Pascal  right  line  belong 
to  the  third  scale  z.  But  then,  according  to  the  Pascal 
theorem,  right  line  (x^,  y0)  must  pass  through  z-^,  Q.E.D. 

Remark.  In  demonstrating  the  necessity  of  the  theorem, 
we  made  use  of  results  derived  from  projective  geometry. 

However,  the  reverse  is  also  possible,  and  to  demonstrate 
certain  theorems  of  projective  geometry  from  the  properties 
demonstrated  above  for  hexagonal  nets. 
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We  have  seen  that  the  Thompson  figure  corresponds  to 
the  Pascal  configuration.  It  is  evident  that  there  corresponds 
to  the  B  figure  that  particular  case  of  the  Pascal  configuration 
in  which  points  Xp  y-p  zg  are  situated  on  a  single  right  line 

(Pig.  14).  Let  us  now  find  out  what  corresponds  to  an  R 
figure.  Let  a  quadrangle  he  plotted  on  a  certain  2nd . order 
curve  K  and  a  right  line  P  as  shown  in  Fig.  15*  We  wil1 
designate  the  corners  of  the  quadrangle  as  Xp  yp  Xg,  yg>  &ncl 

the  points  of  intersection  of  the  sides  of  quadrangle  and 
straight  line  p  as  Zp  zg,  Zy  24.  We  then  have  the  following 

theorem,  which  parallels  the  Raderaeister  theorem. 


Fig.  l4.  Brianchon  figure  in  cartesian  abacus 
and  its  corresponding  figure  in  a  nomograph  of 
equalized  points. 

Any  quadrangle  C,  whose  sides  pass  through  points  Zp 
Zg,  Zy  of  right  line  p  and  whose  apexes  are  situated  on 
second-order  curve  K  will  be  closed  if  one  such  quadrangle  G0 
is  closed. 


Fig.  15.  Eademeister  figure  in  cartesian  abacus 
and  corresponding  figure  in  a  nomograph  of  equalized 
points. 
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V  Ar'  .  • 

...V  V*, 

Ifee  proof  of  this  theorem  follows  directly  from  the 
closure  of  the  R  figure,  since  there  corresponds  to  every  pair 
of  quadrangles  C(x!p  y^,  x»2,  y*g)  and  CQ  (x^  yv  x, g,  y2)  an 

R  figure  in  a  hexagonal  net. 
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